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MULTIPLICATION OPERATORS BETWEEN DISCRETE HARDY
SPACES ON ROOTED TREES
P. MUTHUKUMAR AND P. SHANKAR
Abstract. Muthukumar and Ponnusamy [9] studied the multiplication opera-
tors on Tp spaces. In this article, we mainly consider multiplication operators
between Tp and Tq (p 6= q). In particular, we characterize bounded and compact
multiplication operators from Tp to Tq. For p 6= q, we prove that there are no
invertible multiplication operators from Tp to Tq and also there are no isometric
multiplication operators from Tp to Tq. Finally, we discuss about fixed points of
a multiplication operator on Tp.
1. Introduction
Let X be a normed space of functions defined on a set Ω. For a complex-valued
map ψ on Ω, the inducing multiplication operator is denoted by Mψ and defined by
Mψf = ψf for every f ∈ X.
The study of multiplication operators acts as bridge between operator theory and
function theory. Multiplication operators on various analytic function spaces on the
open unit disk have been studied for many years, and the literature is extensive.
Recent years, considerable work has been done on multiplication operators on the
spaces of functions defined on trees. See for example [1, 2, 3, 4, 5, 6, 7].
A discrete analogue (Tp) of Hardy spaces on homogeneous rooted trees were de-
fined in [9]. In the same article, multiplication operators on Tp spaces were studied.
Study of composition operators on Tp spaces were intiated and developed in [10]
and [11], respectively. In this article, we deal with the study of multiplication oper-
ators between various Tp spaces. Also, we consider general rooted trees instead of
homogeneous rooted trees.
The paper is organized as follows. We refer to Section 2 for basic definitions and
preliminaries about Tp spaces. In Section 3, we give characterization of bounded
multiplication operators from Tp to Tq. Also, we compute their operator norms
for each case. We investigate about isometric multiplication operators from Tp to
Tq in Section 4. In Section 5, we provide necessary and sufficient conditions for a
multiplication operator to be a compact operator. In Section 6, we prove that there
is no invertible multiplication operators from Tp to Tq for p 6= q. Finally, in Section
7, we discuss about fixed points of a multiplication operator on Tp.
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2. Preliminaries
Let us fix some notation for throughout the paper. Let T be an infinite rooted
tree with root o. For each vertex v ∈ T , the number of edges in the unique path
connecting the root o and the vertex v, is denoted by |v|. For n ∈ N0, let Dn denote
the set of all vertices v ∈ T with |v| = n and denote the number of elements in
Dn by cn. Further, C denotes the set of all complex numbers, N = {1, 2, . . .} and
N0 = N ∪ {0}. By a function on T , we mean a complex-valued function defined on
the vertex set of T .
For every p ∈ (0,∞], the discrete analogue of the generalized Hardy space Tp (see
[9]), is defined by
Tp := {f : T → C
∣∣ ‖f‖p := sup
n∈N0
Mp(n, f) <∞},
where M∞(n, f) := max
|v|=n
|f(v)| and for p <∞,
Mp(n, f) :=

 1
cn
∑
|v|=n
|f(v)|p


1
p
,
for every n ∈ N0.
Similarly, the discrete analogue of the generalized little Hardy space, denoted by
Tp,0, is defined by
Tp,0 := {f ∈ Tp : lim
n→∞
Mp(n, f) = 0},
for every p ∈ (0,∞].
Two vertices u, v ∈ T are said to be neighbours if there is an edge connecting
them. If every vertex of T has k neighbours, then T is said to be k-homogeneous
tree. The following results in this section were proved in [9] for homogeneous rooted
trees. It is trivial to see that the following results are valid for general rooted trees
and proofs are similar to that of homogeneous rooted trees case.
Theorem A. (Growth Estimate) ([9, Lemma 3.12]) Let T be an infinite rooted tree
and 0 < p <∞. If f is an element of Tp or Tp,0, then we have
|f(v)| ≤ (c|v|)
1
p ‖f‖p for all v ∈ T.
Theorem B. ([9, Theorems 3.1 and 3.5]) For 1 ≤ p ≤ ∞, ‖.‖p induces a Banach
space structure on the spaces Tp and Tp,0.
Theorem C. ([9, Theorems 3.10 and 3.11]) For 0 < p ≤ ∞, the space Tp is not
separable, whereas Tp,0 is a separable space as the span of {χv : v ∈ T} is dense in
Tp,0.
3. bounded Multiplication Operators
Before we get into discussion on multiplication operators, let us observe from
Lemma 1, the inclusion properties of Tp spaces, namely:
(1) If supn∈N0 cn <∞, then Tp = T∞ for all p > 0.
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(2) If supn∈N0 cn =∞, then Tq  Tp for 0 < p < q.
Lemma 1. Let T be an infinite rooted tree and 0 < p < q <∞. Then, for f : T → C
and for each n ∈ N0, we have
M∞(n, f)
cn
1
p
≤
1
cn
1
p
− 1
q
Mq(n, f) ≤Mp(n, f) ≤ Mq(n, f) ≤M∞(n, f).
Proof. Let f : T → C be an arbitrary function. Fix n ∈ N0. If |f(v)| ≤M for all v ∈
Dn for some M > 0, then
Mq(n, f) =

 1
cn
∑
|v|=n
|f(v)|q


1
q
≤ M.
Thus,
(3.1) Mq(n, f) ≤ max
|v|=n
|f(v)| =M∞(n, f).
By [9, Lemma 3.6], we have for 0 < p < q <∞,
(3.2) Mp(n, f) ≤Mq(n, f).
For 0 < p < q <∞, one has
∑
|v|=n
|f(v)|q


1
q
≤

∑
|v|=n
|f(v)|p


1
p
,
which gives
(3.3)
1
cn
1
p
− 1
q
Mq(n, f) ≤Mp(n, f).
Finally, for each v ∈ Dn, note that
|f(v)|q
cn
≤
1
cn
∑
|w|=n
|f(w)|q
and thus
|f(v)|
cn
1
q
≤ Mq(n, f) for all v ∈ Dn.
In particular,
(3.4)
M∞(n, f)
cn
1
q
≤Mq(n, f).
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From above inequalities, for each n ∈ N0, we have
M∞(n, f)
cn
1
p
≤
1
cn
1
p
− 1
q
Mq(n, f) ≤Mp(n, f) ≤ Mq(n, f) ≤M∞(n, f).
This completes the proof. 
Corollary 1. Let T be a rooted tree. If sup cn < ∞ (for example, 2-homogeneous
trees), then all Tp spaces are equal as a set. That is,
Tp = T∞ =
{
f : T → C : sup
v∈T
|f(v)| <∞
}
for all 0 < p ≤ ∞.
Corollary 2. If {cn} is unbounded, then Tq is a proper subset of Tp for 0 < p < q.
Proof. By lemma 1, Tq is a subset of Tp for 0 < p < q. It is easy to see that
this inclusion is proper. For example, choose a sequence of vertices {vn} such that
|vn| = n for all n ∈ N. Fix r > 0 such that p < r < q. Consider the function f
defined by
f(v) =
{
(cn)
1
r if v = vn for some n ∈ N
0 elsewhere.
Then, f ∈ Tp but not in Tq. 
In this section, we will consider the bounded multiplication operators between
various Tp spaces. We will look into this case by case.
Theorem D. ([9, Theorem 4.3]) Let T be a rooted tree, ψ be a complex-valued
function on T and 0 < p ≤ ∞. Then Mψ : Tp (orTp,0) → Tp (orTp,0) is a bounded
operator if and only if ψ is a bounded function on T , i.e., ψ ∈ T∞. Further, we also
have ‖Mψ‖ = ‖ψ‖∞.
Theorem 1. Let ψ be a complex-valued function on T and let 0 < q < p < ∞.
Then the following are equivalent:
(a) The multiplication operator Mψ : Tp → Tq is bounded.
(b) The multiplication operator Mψ : Tp,0 → Tq,0 is bounded.
(c) ψ ∈ T pq
p−q
.
Moreover, ‖Mψ‖ = ‖ψ‖ pq
p−q
.
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Proof. Let s = p
q
> 1 and choose t = p
p−q
> 1, so that 1
s
+ 1
t
= 1. For n ∈ N0,
M qq (n,Mψf) =
1
cn
∑
|v|=n
|ψ(v)|q |f(v)|q
≤
1
cn

∑
|v|=n
|ψ(v)|qt


1
t

∑
|v|=n
|f(v)|qs


1
s
=

 1
cn
∑
|v|=n
|ψ(v)|qt


1
t

 1
cn
∑
|v|=n
|f(v)|p


q
p
= M qqt(n, ψ)M
q
p (n, f).
Thus, we have
Mq(n,Mψf) ≤M pq
p−q
(n, ψ)Mp(n, f) for every n ∈ N0.
This gives that, whenever ψ ∈ T pq
p−q
, Mψ maps Tp to Tq and Tp,0 to Tq,0 with
‖Mψ‖ ≤ ‖ψ‖ pq
p−q
.
This proves the implications (c)⇒ (a) and (c)⇒ (b).
For the converse part, for each n ∈ N0, define fn on T by
fn(v) =
{
|ψ(v)|
q
p−q if v ∈ Dn
0 otherwise.
Then,
M pq
p−q
(n, ψ)Mp(n, fn) =

 1
cn
∑
|v|=n
|ψ(v)|
pq
p−q


p−q
pq

 1
cn
∑
|v|=n
|ψ(v)|
pq
p−q


1
p
=

 1
cn
∑
|v|=n
|ψ(v)|
pq
p−q


1
q
=

 1
cn
∑
|v|=n
(
|ψ(v)| |ψ(v)|
q
p−q
)q
1
q
=

 1
cn
∑
|v|=n
|ψ(v)|q |fn(v)|
q


1
q
= Mq(n,Mψfn).
Since fn(v) = 0 for v /∈ Dn, Mp(n, fn) = ‖fn‖p and Mq(n,Mψfn) = ‖ψfn‖q. Thus,
for each n ∈ N0, we have
‖ψfn‖q =M pq
p−q
(n, ψ)‖fn‖p.
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Thus,
‖Mψ‖ = sup
{
‖ψf‖q
‖f‖p
: f 6= 0
}
≥ sup
n∈N0
M pq
p−q
(n, ψ) = ‖ψ‖ pq
p−q
.
Since each fn ∈ Tp,0 and as well as in Tp, we obtain the implications (a)⇒ (c) and
(b)⇒ (c). Moveover, it also gives that
‖Mψ‖ ≥ ‖ψ‖ pq
p−q
.
It completes the proof. 
Theorem 2. Let ψ be a function from T to C and let 0 < p < ∞. Then the
following are equivalent:
(a) The multiplication operator Mψ : T∞ → Tp is bounded.
(b) The multiplication operator Mψ : T∞,0 → Tp,0 is bounded.
(c) ψ ∈ Tp.
In this case,
‖Mψ‖ = ‖ψ‖p.
Proof. Since the proof of (c) ⇔ (b) is similar to that of (c) ⇔ (a), it is enough to
prove that (c)⇔ (a). To prove this, we see that for each n ∈ N0,
Mp(n, ψf) =

 1
cn
∑
|v|=n
|ψ(v)|p |f(v)|p


1
p
≤ Mp(n, ψ)M∞(n, f).
By taking supremum over n ∈ N0 on both sides, we get that
‖ψf‖p ≤ ‖ψ‖p ‖f‖∞.
It tells that, if ψ ∈ Tp thenMψ : T∞ → Tp is a bounded operator with ‖Mψ‖ ≤ ‖ψ‖p.
Let us prove the converse part now. Assume that Mψ : T∞ → Tp is bounded
operator.
Fix n ∈ N0. Define f on T by
f(v) =
{
1 if v ∈ Dn
0 otherwise,
so that ‖f‖∞ = 1 and
Mp(n, ψf) =

 1
cn
∑
|v|=n
|ψ(v)|p|f(v)|p


1
p
=

 1
cn
∑
|v|=n
|ψ(v)|p


1
p
=Mp(n, ψ).
Thus, Mp(n, ψ) ≤ ‖Mψ‖. Since n ∈ N0 was arbitrary, we get
‖Mψ‖ ≥ sup
n∈N0
Mp(n, ψ) = ‖ψ‖p.
Therefore, ψ should be in Tp. This completes the proof. 
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Theorem 3. Let ψ be a complex-valued function on T and let 0 < p < ∞. Then
the following are equivalent:
(a) The multiplication operator Mψ : Tp → T∞ is bounded.
(b) The multiplication operator Mψ : Tp,0 → T∞,0 is bounded.
(c) sup
n∈N0
{
c
1
p
n M∞(n, ψ)
}
<∞.
Moreover, ‖Mψ‖ = sup
n∈N0
{
c
1
p
nM∞(n, ψ)
}
.
Proof. For f ∈ Tp and n ∈ N0, we have
M∞(n,Mψf) = sup
|v|=n
|ψ(v)| |f(v)|
≤ M∞(n, ψ)M∞(n, f)
≤ c
1
p
nM∞(n, ψ)Mp(n, f) (by Lemma 1).
This gives that (c)⇒ (a) and (c)⇒ (b) with
‖Mψ‖ ≤ sup
n∈N0
{
c
1
p
nM∞(n, ψ)
}
.
For the other way implications, fix n ∈ N0 and choose vn ∈ Dn such that
max
|v|=n
|ψ(v)| = |ψ(vn)|.
Take f = (cn)
1
pχvn so that ‖f‖p = 1 and
M∞(n, ψf) = max
|v|=n
|ψ(v)| |f(v)| = |ψ(vn)| |f(vn)| = c
1
p
nM∞(n, ψ).
Thus,
c
1
p
nM∞(n, ψ) =M∞(n, ψf) = ‖ψf‖∞ ≤ ‖Mψ‖.
Since n ∈ N0 was arbitrary and f is in Tp,0 and as well in Tp, we get the implications
(b)⇒ (c) and (a)⇒ (c) with
‖Mψ‖ ≥ sup
n∈N0
{
c
1
p
n M∞(n, ψ)
}
.
The theorem follows. 
Theorem 4. Let ψ be a function from T to C and let 0 < p < q < ∞. Then the
following are equivalent:
(a) The multiplication operator Mψ : Tp → Tq is bounded.
(b) The multiplication operator Mψ : Tp,0 → Tq,0 is bounded.
(c) sup
n∈N0
{
c
1
p
− 1
q
n M∞(n, ψ)
}
<∞.
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In this case,
‖Mψ‖ = sup
n∈N0
{
c
1
p
− 1
q
n M∞(n, ψ)
}
.
Proof. For f ∈ Tp and n ∈ N0, we have
Mq(n, ψf) ≤M∞(n, ψ)Mq(n, f) ≤ c
1
p
− 1
q
n M∞(n, ψ)Mp(n, f) (by Lemma 1).
That is,
Mq(n, ψf) ≤
{
c
1
p
− 1
q
n M∞(n, ψ)
}
Mp(n, f) for each n ∈ N0.
This yields that (c)⇒ (a) and (c)⇒ (b) with
‖Mψ‖ ≤ sup
n∈N0
{
c
1
p
− 1
q
n M∞(n, ψ)
}
.
For the converse implications, fix n ∈ N0 and choose vn ∈ Dn such thatM∞(n, ψ) =
|ψ(vn)|. Take f = χ{vn}c
1
p
n so that ‖f‖p = 1 and
‖ψf‖q =Mq(n, ψf) =
(
1
cn
|ψ(vn)|
q|f(vn)|
q
) 1
q
= c
− 1
q
n |ψ(vn)| |f(vn)| = c
1
p
− 1
q
n M∞(n, ψ)
and thus,
‖Mψ‖ = sup
‖f‖p=1
{‖ψf‖q} ≥ sup
n∈N0
{
c
1
p
− 1
q
n M∞(n, ψ)
}
.
Since the functions f used in this part of proof lies in Tp,0 as well in Tp, it proves
the implications (b)⇒ (c) and (a)⇒ (c). The norm estimate
‖Mψ‖ = sup
n∈N0
{
c
1
p
− 1
q
n M∞(n, ψ)
}
follows from the lines of the proof. 
4. Isometry
A linear operator A from a Banach space (X, ‖.‖X) to a Banach space (Y, ‖.‖Y )
is said to be an isometry if ‖Ax‖Y = ‖x‖X for all x ∈ X .
In this section, we discuss about isometric multiplication operators between vari-
ous Tp spaces. First, we recall a result from [9] that characterizes isometric multi-
plication operators on Tp.
Theorem E. ([9, Theorem 4.10]) Let X be either Tp or Tp,0, where 0 < p ≤ ∞ and
let Mψ : X → X be a bounded operator on X . Then Mψ is an isometry on X if
and only if |ψ(v)| = 1 for all v ∈ T .
Theorem 5. Let T be a rooted tree such that {cn} is unbounded and let p, q ∈ (0,∞]
with p 6= q. Then, there is no isometric multiplication operator Mψ from Tp to Tq.
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Proof. We prove our claim case by case.
Case 1: (Mψ : Tp → T∞, where 0 < p <∞)
Fix v ∈ T and take f = (c|v|)
1
pχv, so that ‖f‖p = 1. ForMψ to be an isometry, we
should have ‖ψf‖∞ = 1, which implies (c|v|)
1
p |ψ(v)| = 1. Since v ∈ T was arbitrary,
we get |ψ(v)| = (c|v|)
− 1
p for all v ∈ T .
Choose k ∈ N such that ck > 1 and define
f(v) =
{
1 if v ∈ Dk
0 otherwise.
Then ‖f‖p = 1, but
‖ψf‖∞ = sup
v∈T
|ψ(v)‖f(v)| = sup
v∈Dk
|ψ(v)| = c
− 1
p
k 6= 1.
This forces that Mψ : Tp → T∞ cannot be an isometry.
Case 2: (Mψ : T∞ → Tp, where 0 < p <∞)
For each v ∈ T , we have ‖χv‖∞ = 1. For Mψ to be an isometry, we must have
‖ψχv‖p = (c|v|)
− 1
p |ψ(v)| = 1.
This yields that |ψ(v)| = (c|v|)
1
p for all v ∈ T . Therefore, for each n ∈ N0, we
have Mp(n, ψ) = c
1
p
n , which implies that ψ /∈ Tp. Then by Theorem 2, Mψ is not a
bounded operator. Hence, there does not exist an isometric multiplication operator
from T∞ to Tp.
Case 3: (Mψ : Tp → Tq with 0 < q < p <∞)
For each v ∈ T , define f = (c|v|)
1
p χv so that ‖f‖p = 1. For Mψ to be an isometry,
we should have ‖ψf‖q = 1 which implies that
|ψ(v)| = (c|v|)
1
q
− 1
p for all v ∈ T.
Since 1
q
− 1
p
> 0 and {cn} is unbounded, the sequence
{
M pq
p−q
(n, ψ)
}
, i.e.,
{
c
1
q
− 1
p
n
}
,
is not bounded. Thus, Mψ is a unbounded operator by Theorem 1. Hence, Mψ :
Tp → Tq cannot be isometry.
Case 4: (Mψ : Tp → Tq with 0 < p < q <∞)
By similar arguments as in Case 3, we have
|ψ(v)| = (c|v|)
1
q
− 1
p for all v ∈ T.
Choose v1, v2 ∈ T such that |v1| = |v2| (= k), say. Take f = χ{v1,v2}, that is,
f(v) =
{
1 if v = v1 or v = v2
0 otherwise.
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Then, we have
‖f‖p =
(
2
ck
) 1
p
and ‖ψf‖q =
(
2c
(1− q
p
)
k
ck
) 1
q
=
2
1
q
c
1
p
k
.
If p 6= q, then 2
1
p 6= 2
1
q and thus ‖f‖p 6= ‖ψf‖q. Hence Mψ : Tp → Tq fails to be
an isometry. 
Test functions that we used in Theorem 5, lie in Tp,0. Therefore, we have the
following result.
Corollary 3. Let T be a rooted tree such that {cn} is unbounded and let p, q ∈ (0,∞]
with p 6= q. Then, there does not exist an isometric multiplication operator Mψ from
Tp,0 to Tq,0.
5. Compact Multiplication Operators
This section is devoted to compact multiplication operators between various Tp
spaces. In view of [10, Theorem 7] and [9, Lemma 4.8], we prove a general result.
The following result characterizes compact operators between Tp spaces.
Theorem 6. Let T be a rooted tree and let A be a linear operator such that Afn → 0
pointwise in Tq whenever fn → 0 pointwise in Tp. Then, A : Tp → Tq is compact
if and only if for every bounded sequence {fn} in Tp that converges to 0 pointwise,
the sequence ‖Afn‖q → 0 as n→∞.
Proof. Assume that A : Tp → Tq is compact. Suppose that {fn} is a bounded
sequence in Tp, converging to 0 pointwise. Then, there is a subsequence {fnk} of
{fn} such that {Afnk} converges in ‖.‖q to some function, say, f . It follows that
{Afnk} converges to f pointwise. Since the pointwise convergence of {fn} to 0
implies that f ≡ 0. Thus, we deduce that {Afnk} converges to 0 in ‖.‖q. Now, it is
easy to verify that the sequence ‖Afn‖q → 0 as n→∞.
To prove the converse part, let us begin by assuming that for every bounded
sequence {fn} in Tp converging to 0 pointwise, then the sequence ‖Afn‖q → 0 as
n→∞. Let {gn} be a bounded sequence in Tp. Without loss of generality, assume
that ‖gn‖p ≤ 1 for all n. Then, by Lemma A, for each fixed v ∈ T , {gn(v)} is a
bounded sequence. By the diagonalization process, there is a subsequence {gnk} of
{gn} such that {gnk} converges pointwise to g (say). Since Mp(m, gnk)→Mp(m, g)
for each m ∈ N0 and ‖gnk‖ ≤ 1 for all k, we have Mp(m, g) ≤ 1 for all m which
implies that g ∈ Tp with ‖g‖p ≤ 1. Take fk = gnk − g ∈ Tp so that fk converges to
0 pointwise. By our assumption, the sequence ‖Afk‖q → 0 as k →∞. This proves
that A is a compact operator. 
Since ψfn → 0 pointwise whenever fn → 0 pointwise for any complex-valued map
ψ, we have a following consequence.
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Corollary 4. If p, q ∈ (0,∞], then the multiplication operator Mψ : Tp → Tq is
compact if and only if every bounded sequence {fn} in Tp converging to 0 pointwise,
the sequence ‖ψfn‖q → 0 as n→∞.
Corollary 5. Let p, q ∈ (0,∞] and the multiplication operator Mψ : Tp,0 → Tq,0 be
compact. Then, for every bounded sequence {fn} in Tp,0 converging to 0 pointwise,
the sequence ‖ψfn‖q → 0 as n→∞.
The following simple observations will be useful in the sequal.
(1) For any complex sequence {xn}, xn → 0 as n→∞ if and only if sup
n≥N
|xn| → 0
as N →∞.
(2) Finite rank operators are compact and norm limit of a sequence of compact
operators is again a compact operator.
Next, we discuss the compactness of multiplication operator between Tp spaces
case by case.
Theorem F. [9, Theorem 4.7] Let X be either Tp or Tp,0, where 0 < p ≤ ∞ and let
Mψ : X → X be a bounded multiplication operator on X . Then Mψ is a compact
operator on X if and only if ψ(v)→ 0 as |v| → ∞.
Theorem 7. Let Mψ : Tp → T∞ (0 < p <∞) be a bounded multiplication operator.
Then Mψ is a compact operator if and only if
c
1
p
nM∞(n, ψ)→ 0 as n→∞, i.e., M∞(n, ψ) = o(c
− 1
p
n ).
Proof. Let ψ be an arbitrary function such that c
1
p
nM∞(n, ψ) → 0 as n → ∞.
Consider {ψn}n∈N, where
ψn(v) =
{
ψ(v) if |v| ≤ n
0 otherwise.
Thus, Mψn is a finite rank operator and hence, is a compact operator for every n.
Moreover,
‖Mψn −Mψ‖ = ‖Mψn−ψ‖ = sup
k∈N0
{
c
1
p
kM∞(k, ψn − ψ)
}
= sup
k>n
{
c
1
p
kM∞(k, ψ)
}
,
which approaches to zero as n → ∞. Hence, Mψ, being the limit of the sequence
{Mψn} of compact operators, is a compact operator.
Conversely, assume that Mψ is compact. For each n ∈ N0, choose vn ∈ Dn such
that |ψ(vn)| =M∞(n, ψ) and define fn by
fn(v) =
{
c
1
p
nχvn if v = vn
0 otherwise.
Then, ‖fn‖p = 1 for all n ∈ N0 and for each fixed v ∈ T , fn(v) = 0 for all n > |v|.
This implies that fn converges pointwise to 0. Therefore, by Corollary 4, we get
‖ψfn‖∞ = c
1
p
n |ψ(vn)| = c
1
p
nM∞(n, ψ)→ 0 as n→∞.
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The desired result follows. 
Corollary 6. For 0 < p <∞, Mψ : Tp,0 → T∞,0 is a compact operator if and only
if
c
1
p
nM∞(n, ψ)→ 0 as n→∞, i.e., M∞(n, ψ) = o(c
− 1
p
n ).
Theorem 8. Let Mψ : T∞ → Tp (0 < p <∞) be a bounded multiplication operator.
Then Mψ is a compact operator if and only if Mp(n, ψ) → 0 as n → ∞, i.e.,
ψ ∈ Tp,0.
Proof. Suppose that Mp(n, ψ)→ 0 as n→∞. Define {ψn} as in Theorem 7. Then,
Mψn is a compact operator for every n. Since
‖Mψn −Mψ‖ = ‖ψn − ψ‖p = sup
k∈N0
Mp(k, ψn − ψ) = sup
k>n
Mp(k, ψ)
approaches to zero as n→∞, Mψ is a compact operator.
Convesely, assume that Mψ is a compact operator. Define fn by
fn(v) =
{
1 if v ∈ Dn
0 otherwise.
Then, ‖fn‖∞ = 1 for all n ∈ N0 and fn converges to 0 pointwise. Corollary 4 gives
that,
‖ψfn‖p =Mp(n, ψ)→ 0 as n→∞.
It completes the proof. 
Corollary 7. For 0 < p <∞, Mψ : T∞,0 → Tp,0 is a compact operator if and only
if Mp(n, ψ)→ 0 as n→∞, i.e., ψ ∈ Tp,0.
Theorem 9. Let Mψ : Tp → Tq (0 < q < p < ∞) be a bounded multiplication
operator. Then Mψ is a compact operator if and only if
M pq
p−q
(n, ψ)→ 0 as n→∞, i.e., ψ ∈ T pq
p−q
,0.
Proof. Let ψ be an arbitrary function such that M pq
p−q
(n, ψ) → 0 as n → ∞. For
each n, define {ψn} as in Theorem 7. Then, Mψn is a compact operator for every n
and
‖Mψn −Mψ‖ = ‖ψn − ψ‖ pqp−q = sup
k∈N
M pq
p−q
(k, ψn − ψ) = sup
k>n
M pq
p−q
(k, ψ).
By the hypothesis, ‖Mψn −Mψ‖ → 0 as k →∞. Hence, Mψ is a compact operator.
For the proof of converse part, let us assume that Mψ is compact. Define fn by
fn(v) =
{
1
An
|ψ(v)|
q
p−q if v ∈ Dn
0 otherwise,
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where An =

 1
cn
∑
|v|=n
|ψ(v)|
pq
p−q


1
p
so that ‖fn‖p = 1 for all n ∈ N0. It is easy to see
that fn converges to 0 pointwise and
‖ψfn‖q = Mq(n, ψfn)
=

 1cn
∑
|v|=n
(
|ψ(v)|
|ψ(v)|
An
q
p−q
)q

1
q
=
1
An

 1
cn
∑
|v|=n
|ψ(v)|
pq
p−q


1
q
= M pq
p−q
(n, ψ).
By Corollary 4, we have M pq
p−q
(n, ψ)→ 0 as n→∞. Hence the theorem. 
Corollary 8. Let Mψ : Tp,0 → Tq,0 (0 < q < p < ∞) be a bounded multiplication
operator. Then Mψ is a compact operator if and only if
M pq
p−q
(n, ψ)→ 0 as n→∞, i.e., ψ ∈ T pq
p−q
,0.
Theorem 10. Let Mψ : Tp → Tq (0 < p < q < ∞) be a bounded multiplication
operator. Then Mψ is a compact operator if and only if
c
1
p
− 1
q
n M∞(n, ψ)→ 0 as n→∞, i.e., M∞(n, ψ) = o(c
1
q
− 1
p
n ).
Proof. Let ψ be an arbitrary complex-valued function such that c
1
p
− 1
q
n M∞(n, ψ)→ 0
as n → ∞. For each n, define {ψn} as in Theorem 7, so that Mψn is a compact
operator for every n. Moreover,
‖Mψn −Mψ‖ = ‖Mψn−ψ‖ = sup
k∈N0
{
c
1
p
− 1
q
k M∞(k, ψn − ψ)
}
= sup
k>n
{
c
1
p
− 1
q
k M∞(k, ψ)
}
,
which converges to zero as n→∞. This forces that, Mψ is compact.
For the proof of converse part, assume thatMψ is a compact operator. For n ∈ N0,
choose vn ∈ Dn in such a way that |ψ(vn)| =M∞(n, ψ) and define fn by
fn(v) =
{
c
1
p
nχvn if v = vn
0 otherwise.
Thus, we have ‖fn‖p = 1 for all n ∈ N0 and fn converges pointwise to 0. As a
consequence of Corollary 4, we see that
‖ψfn‖q = c
− 1
q
n |fn(vn)‖ψ(vn)| = c
1
p
− 1
q
n M∞(n, ψ)→ 0 as n→∞.
This proves our claim. 
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Corollary 9. Let Mψ : Tp,0 → Tq,0 (0 < p < q < ∞) be a bounded multiplication
operator. Then Mψ is a compact operator if and only if
c
1
p
− 1
q
n M∞(n, ψ)→ 0 as n→∞ i.e., M∞(n, ψ) = o(c
1
q
− 1
p
n ).
6. Invertible Multiplication Operators
We devote this section for the discussion on invertiblity of multiplication operators
between various Tp spaces,
Proposition 1. Let p, q ∈ (0,∞] and ψ : T → C be an arbitrary function. If Mψ :
Tp → Tq is invertible, then ψ(v) 6= 0 for all v ∈ T and (Mψ)
−1 =M 1
ψ
: Tq → Tp.
Proof. Suppose Mψ is an invertible operator from Tp to Tq. Then, there exists a
bounded linear operator B : Tq → Tp such that
Mψ(Bf) = f for all f ∈ Tq.
In particular, ψ(v)Bf(v) = f(v) for all v ∈ T and for all f ∈ Tq. For each fixed
v ∈ T , by setting f = χv, characteristic function on {v}, we see that ψ(v)Bf(v) = 1
and thus ψ(v) 6= 0. Since v ∈ T was arbitrary, ψ(v) 6= 0 for all v ∈ T and thus,
Bf(v) =
1
ψ(v)
f(v) for all v ∈ T.
Therefore, B = A−1 is a multiplication operator induced by 1
ψ
. It completes the
proof. 
Theorem 11. Let Mψ : Tp → Tp (0 < p ≤ ∞) be a bounded multiplication operator
on Tp. Then Mψ is invertible on Tp if and only if there exist m,M > 0 such that
m ≤ |ψ(v)| ≤M for all v ∈ T .
Proof. Suppose that Mψ is invertible on Tp. Then, by Theorem D, ψ and
1
ψ
are
bounded functions. Hence, there exist m,M > 0 such that m ≤ |ψ(v)| ≤ M for all
v ∈ T .
Conversely, assume that there exist m,M > 0 such that m ≤ |ψ(v)| ≤ M for all
v ∈ T . We have
∣∣∣ 1ψ(v) ∣∣∣ ≤ 1m < ∞ for all v ∈ T . Therefore M 1ψ is bounded operator
on Tp by Theorem D. Moreover,
M 1
ψ
(Mψ(f)) =Mψ(M 1
ψ
(f)) = f for all f ∈ Tp.
Thus, Mψ is an invertible operator on Tp. The desired result follows. 
Corollary 10. Let T be a rooted tree and 0 < p ≤ ∞. Then, Mψ : Tp,0 → Tp,0
is invertible if and only if there exist m,M > 0 such that m ≤ |ψ(v)| ≤ M for all
v ∈ T .
Theorem 12. Let 0 < p < ∞ and T be a rooted tree such that {cn} is unbounded.
Then, there are no invertible multiplication operators from T∞ to Tp.
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Proof. Suppose there exists ψ : T → C such that Mψ : T∞ → Tp is an invertible
operator. Then, by Proposition 1, ψ(v) 6= 0 for every v ∈ T and M 1
ψ
: Tp → T∞ is
a bounded operator. Theorem 3 assures the existance of a positive constant K > 0
such that
M∞(n,
1
ψ
)c
1
p
n ≤ K for all n ∈ N0.
Upon setting m∞(n, ψ) = min
|v|=n
|ψ(v)|, we see that
c
1
p
n
m∞(n, ψ)
≤ K for all n ∈ N0.
Fix n ∈ N0. Since m∞(n, ψ) ≤ |ψ(v)| for all v ∈ Dn, we have
c
1
p
n
K
≤ |ψ(v)| for all v ∈ Dn.
This implies that
c
1
p
n
K
≤Mp(n, ψ) for all n ∈ N0.
Since {cn} is unbounded, the sequence {Mp(n, ψ)} has to be unbounded and thus,
ψ /∈ Tp which in turn implies that ψ cannot induce a bounded multiplication op-
erator from T∞ to Tp by Theorem 2. Hence, there are no invertible multiplication
operators from T∞ to Tp as desired. 
If Mψ : Tp → T∞ is an invertible operator then M 1
ψ
: T∞ → Tp is invertible. This
observation gives the following corollary.
Corollary 11. Let 0 < p <∞ and T be a rooted tree such that {cn} is unbounded.
Then, there exists no invertible multiplication operator Mψ : Tp → T∞.
Theorem 13. Let p, q ∈ (0,∞) with p 6= q and T be a rooted tree such that {cn} is
unbounded. Then, there is no invertible multiplication operators from Tp to Tq.
Proof. We omit the detail, since proof is similar to that of Theorem 12. 
Corollary 12. Let p, q ∈ (0,∞] with p 6= q and T be a rooted tree such that {cn}
is unbounded. Then, there does not exist an invertible multiplication operator Mψ :
Tp,0 → Tq,0.
Theorem 14. Let p, q ∈ (0,∞] and let ψ : T → C be an arbitrary function. Then
the multiplication operator Mψ : Tp → Tq is injective if and only if ψ(v) 6= 0 for all
v ∈ T .
Proof. Suppose that ψ(v) 6= 0 for all v ∈ T and Mψf = Mψg for some f, g ∈ Tp.
This leads that ψ(v)(f − g)(v) = 0 for all v ∈ T . Therefore, f(v) = g(v) for all
v ∈ T and hence, Mψ is injective.
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Conversely, assume thatMψ is injective. Suppose that ψ(v0) = 0 for some v0 ∈ T .
Take f = χv0 so that Mψf(v) = ψ(v)χv0(v) = 0 for all v ∈ T . Thus, there exists a
function f 6= 0 such that Mψf = 0, which contradicts the fact that, Mψ is injective.
Hence ψ(v) 6= 0 for all v ∈ T . 
Proposition 2. If Mψ : Tp → Tq is surjective, then Mψ : Tp → Tq is injective.
Proof. Suppose that Mψ : Tp → Tq is surjective. Fix w ∈ T . Then, as χw ∈ Tq,
there exist f ∈ Tp such that Mψ(f) = χw. This means that ψ(v)f(v) = χw(v) for
all v ∈ T . In particular ψ(w)f(w) = 1 and therefore, ψ(w) 6= 0. Since w ∈ T was
arbitrary, we get ψ(v) 6= 0 for all v ∈ T . Hence, by Theorem 14, Mψ : Tp → Tq is
injective. 
Theorem 15. Let T be a rooted tree such that {cn} is unbounded and let p, q ∈ [1,∞]
with p 6= q. Then no bounded multiplication operator Mψ : Tp → Tq is onto.
Proof. Suppose that Mψ : Tp → Tq is onto. Then, by Proposition 2, Mψ : Tp → Tq
is bijective. Note that Tr is a Banach space for each r ≥ 1. By inverse mapping
theorem [8, Theorem 12.5], Mψ : Tp → Tq is an invertible operator, which is a
contradiction to the fact that there does not exist an invertible multiplication op-
erator between Tp and Tq when p 6= q. Thus, a bounded multiplication operator
Mψ : Tp → Tq never be onto. 
7. Fixed points
Let A be a linear operator on a normed linear space X . An element x ∈ X is
called a fixed point of A if Ax = x.
Theorem 16. Let Mψ : Tp → Tp be a bounded multiplication operator and let
E = {v ∈ T : ψ(v) 6= 1}. Then, the collection of all fixed points of Mψ is preciously
the closed subspace {f ∈ Tp : f |E = 0}.
Proof. Since Mψ is bounded operator on Tp, we have ψ ∈ T∞ and thus ψ− 1 ∈ T∞,
which shows that Mψ−1 is a bounded operator on Tp. A function f ∈ Tp is a fixed
point of Mψ if and only if (ψ − 1)f = 0, i.e., f ∈ ker(Mψ−1). Since kernel of a
bounded operator is a closed subspace, the collection of all fixed points of Mψ is
a closed subspace of Tp so that the conclusion (ψ − 1)f = 0 forces that f = 0 on
E. Hence, the collection of all fixed points of Mψ is preciously the closed subspace
{f ∈ Tp : f |E = 0}.

Corollary 13. Take E = {v ∈ T : ψ(v) 6= 1}. Then, the collection of all fixed
points of Mψ : Tp,0 → Tp,0 is nothing but, the closed subspace {f ∈ Tp,0 : f |E = 0}.
Acknowledgments. The authors thank the National Board for Higher Mathemat-
ics (NBHM), India, for providing financial support to carry out this research.
Multiplication operators between discrete Hardy spaces on rooted trees 17
References
1. R. F. Allen, F. Colonna and G. R. Easley, Multiplication operators between Lipschitz-type
spaces on a tree, Int. J. Math. Math. Sci. (2011), Art. ID 472495, 36 pp.
2. R. F. Allen, F. Colonna and G. R. Easley, Multiplication operators on the iterated logarithmic
Lipschitz spaces of a tree, Mediterr. J. Math. 9 (2012), 575–600.
3. R. F. Allen, F. Colonna and G. R. Easley, Multiplication operators on the weighted Lipschitz
space of a tree, J. Operator Theory 69 (2013), 209–231.
4. R. F. Allen, F. Colonna and A. Prudhom,Multiplication operators between iterated logarithmic
Lipschitz spaces of a tree, Mediterr. J. Math. 14 (2017) no. 5, Art. 212, 10 pp.
5. R. F. Allen and I. M. A. Craig, Multiplication operators on weighted Banach spaces of a tree,
Bull. Korean Math. Soc. 54 (3), (2017), 747–761.
6. F. Colonna and G. R. Easley, Multiplication operators on the Lipschitz space of a tree, Integr.
Equ. Oper. Theory 68 (2010), 391–411.
7. F. Colonna and G. R. Easley, Multiplication operators between the Lipschitz space and the
space of bounded functions on a tree, Mediterr. J. Math. 9 (2012), 423–438.
8. J. B. Conway, A course in functional analysis, 2nd edition, Springer, New York, 1990.
9. P. Muthukumar and S. Ponnusamy, Discrete analogue of generalized Hardy spaces and mul-
tiplication operators on homogenous trees, Anal. Math. Phys. 7 (2017), 267–283.
10. P. Muthukumar and S. Ponnusamy, Composition operators on the discrete analogue of gen-
eralized Hardy space on homogenous trees, Bull. Malays. Math. Sci. Soc. 40 (4), (2017),
1801–1815.
11. P. Muthukumar and S. Ponnusamy, Composition operators on Hardy spaces of the homogenous
rooted trees, Monatshefte fu¨r Mathematik (2020), 23 Pages.
P. Muthukumar, Indian Statistical Institute, Statistics and Mathematics Unit,
8th Mile, Mysore Road, Bangalore, 560 059, India.
E-mail address : pmuthumaths@gmail.com
P. Shankar, Indian Statistical Institute, Statistics and Mathematics Unit, 8th
Mile, Mysore Road, Bangalore, 560 059, India.
E-mail address : shankarsupy@gmail.com
